The protocol of the teleportation of an arbitrary unknown one-qubit state is investigated when the quantum channel is subject to the decoherence from the non-Markovian environments with the memory effects. The quality of the teleportation measured by the average fidelity and minimal fidelity can be enhanced in the non-Markovian channel. The memory effects give rise to the revival of the fidelity which is better than that obtained by the Markovian channel.
I. INTRODUCTION
The realistic quantum systems [1, 2] are usually open to environments which result in the uncontrollable decoherence and dissipation [3, 4] . Therefore, it is of great importance to study the impacts of environments on the feasible quantum information processing such as quantum teleportation [5] [6] [7] [8] [9] . Quantum teleportation is the protocol which enables the recreation of an arbitrary unknown state at a remote place via the local measurements and necessary classical communications. The key to the standard teleportation is entangled states acting as the quantum channel. Recently, some schemes via the noisy channel of the mixed states have been extensively studied in [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . These investigations reveal an interesting point that the entanglement of the channel mainly influences the quality of the teleportation. The effects of the environments have also been taken into account. The previous results of the above works manifest that the type of noises acting on the quantum channel can determine the efficiency of the teleportation. If the fidelity is smaller than the critical value of 2/3, the entanglement of the channel will be decreased to zero. These noises are considered in the Markovian limit with the assumption of an infinitely short correlation time of the environment. However, the conventionally employed Markovian approximation has faced more and more challenges because of the rapid advance of experimental techniques [3] . Recent studies have shown that non-Markovian quantum processes play an increasingly important role in many fields of physics [20] [21] [22] [23] [24] [25] [26] . The apparent feature of the non-Markovian dynamics is the memory effects from the practical environment with a certain correlation time. To quantitatively characterize the memory effect, some measures for the degrees of the nonMarkovianity have been introduced by [27] [28] [29] . These reasons motivate us to investigate how non-Markovian environments influence a protocol of quantum teleportation.
In this paper, we consider a general mixed two-qubit states as the noisy channel coupled to two local non-Markovian reservoirs. The non-Markovian dynamics of the average fidelity of the teleportaiton is derived. For the long time limit, we use the minimal fidelity to quantify the success of the teleportation protocol. Finally, a simple conclusion is given.
In the following discussion, we investigate the quantum teleportation in the noisy channel which is composed of the two noninteracting parts. For each part, a qubit S = A, B is locally coupled to a reservoir R S = R A , R B with the memory effects. The Hamiltonian of the quantum channel is described by
The inherent Hamiltonian of each qubit S is formed by H * . If the dynamical map ε S for each qubit is known, the evolution of the states for the quantum channel can be obtained by
In accordance with the result of [3] , the non-Markovian dynamics ε S can be written as
where each local reservoir is initially in the vacuum state and the function G S (t) = G(t) is defined as the solution of the integrodifferential equatioṅ
The two-point reservoir correlation function f (t − τ ) is closely related to the spectral density of the reservoir
we take the detuning case of the Lorentzian spectral density which describes the vacuum radiation field inside an imperfect cavity [3] ,
where δ = ω 0 − ω c is the detuning between the center frequency of the cavity ω c and the resonance frequency ω 0 . W represents the interaction strength between the qubit and its local reservoir. The parameter λ defines the spectral width of the reservoir. It is found out that the effective coupling between the qubit and local reservoir is dependent on the detuning [3] . The large values of δ represent the weak effective couplings [3] . This also means that the effects of the reservoirs on the protocol are small when the detuning δ is increased. We can verify that the correlation function decays exponentially
The correlation time scale of the reservoir is approximately estimated by τ R ∼ λ −1 . As another necessary time parameter, the relaxation time for each qubit is also obtained by
0 where γ 0 = 2W 2 /λ is regarded as the decaying rate of the qubit in the Markovian limit of flat spectrum. Applying the correlation function f (t − τ ), we can obtain the expression of G(t),
If the time scale τ R is comparable with the relaxation time scale τ S , i.e., τ R > τ S /2, the memory effects of the reservoir should be taken into account.
When λ ≪ γ 0 and δ = 0, the function is simplified as G(t) = e The protocol uses a shared quantum state as a quantum channel to transfer a third quantum state between two distant parties. For a stationary quantum channel, quantum teleportation can be performed when the parties A and B can determine which Bell state has the largest overlap with the quantum channel. When the quantum channel varies with time, the optimal Bell state will possibly change after the time T . In that time, the quantum channel has evolved to ρ c (T ). If the parties A and B have complete knowledge of the evolution process, they will be able to correctly select the optimal Bell state. According to the work of [13] , the definite expression of the output state ρ (m) out (T ) can be written as
where the local operations σ j (j = 1, 2, 3) are the three components of the Pauli rotation, σ 0 = I denotes the unity matrix and
Although the form of Eq. (7) is different from the result of [7, 8] , all of the expressions discover the fact that the teleportation via the channel of mixed states is equivalent to a generalized depolariz- In regard to the environments, the maximally entangled component of the noisy channel can be varied with time. Therefore, the best quality of the teleportation can be obtained by the optimal estimation of the four possible output states. To efficiently measure the quality of the protocol, the average fidelity between the input state and output one can be written as
out |ϕ in sin θdθdφ. For a given noisy channel, we can optimize the standard teleportation by choosing certain values of m to maximize the average fidelity. The achievable maximum of the four average fidelity can be given by
where the probabilities p 
where µ 1 (t) = ρ 
and the anti-diagonal elements are also given by
For simplicity, we can take the maximally entangled states to be the initial ones for the channel. When ρ c (0) = |Ψ (0,3) Ψ (0,3) |, the optimized average fidelity is obtained by
During the decoherence, the probabilities |Ψ (0,3) of the channel are always larger than those of |Ψ (1, 2) . Figures 1-4 show that the dynamics of the optimized average fidelity is dependent on the scaled time γ 0 t in the Markovian regime of λ = 5γ 0 and non-Markovian regime of λ = 0.01γ 0 . In Fig. 1 , the values of F (t) are rapidly decreased to the critical value 2/3 below which the quality of the teleportation is worse than that of the classical communication. With the increasing of the detuning δ, the decaying rate of the optimized average fidelity is smaller than that of the resonance case δ = 0. In Fig. 2 , the revivals of the average fidelity occur after a finite period time of F (t) = 2/3 when δ = 0. The large detuning of the reservoir can ensure the preservation of high values of the optimized average fidelity. This is the reason that the effective interactions between the qubits and reservoirs are weak when the detuning values δ are large. For ρ c (0) = |Ψ (1,2) Ψ (1,2) |, the optimized average fidelity is expressed by
From Fig. 3 , we can clearly see that the values of the optimized average fidelity are rapidly decreased to a certain value and then gradually increased to the critical value 2/3 in the Markovian case. Meanwhile, the similar revivals of the average fidelity also occur in Fig. 4 when the effects of the non-Markovian environment are considered. When the detuning is large, the high values of average fidelity can remain during the evolution. In this condition, it is noted that if the probability |Ψ (1, 2) of the channel is larger than |Ψ (0,3) , the value of average fidelity F (t) > 2/3. This means that the purity of the channel state can affect the quality of the teleportation.
IV. THE MINIMAL FIDELITY FOR THE PROTOCOL
For the long time, the quantum channel is in the |gg state. The average fidelity in this case is 2/3, even though the |gg state is nearly the worst quantum channel for teleportation.
From this point of view, we may consider the minimal fidelity as a better measure to quantify the success of the teleportation protocol. The minimization can be performed over all possible values of θ and φ, i.e., f (t) = min θ,φ { ϕ in |ρ out (t)|ϕ in }. Figure 5 shows the minimal fidelity of the teleportation protocol when the initial entangled resource is chosen to be
It is clearly seen that the revival of the fidelity is mainly dependent on the memory effect from the non-Markovian environment. For the time limit t ≫ . With increasing the detuning value δ, the minimal fidelity can be greatly improved at the large time scale. This point demonstrates the memory effects from the non-Markovian environments can enhance the success of the teleportation protocol.
When the initial channel state is |Ψ (1, 2) , the minimal fidelity is plotted in Figure 6 . The analytical expression of f (t) in this case is given by,
The revival of the fidelity for δ = 0 is clearly shown in Figure 6 (a). If the detuning value is increased, the minimal fidelity can keep the high values for a long time. The large detuning value helps for the efficiency of the teleportation. In this case, the values of the minimal fidelity are decreased and infinitely close to zero with time. This means that the protocol for the entanglement channel of |Ψ 0,3 is much better in the non-Markovian environment.
V. CONCLUSION
The dynamics of the average fidelity for the standard teleportation is studied when the quantum channel is subject to the decoherence from the non-Markovian reservoirs. For the long time limit, the minimal fidelity is used to quantify the efficiency of the teleportation protocol. We also investigate the effects of the non-Markovianity of the channel on the teleportation. It is also found out that the memory effects can cause the revivals of the average fidelity and minimal fidelity. 
